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Abstract—The aim of this study is to examine the statical behaviour of the long-span cable-
stayed bridge with fan scheme by means of a suitable continuous model.

The given solution of the Statics basic equations of the model focalizes a prevailing truss
behaviour of the bridge.

This solution in fact-developed according to the perturbative technique-gives as the gen-
erating term the ‘‘truss solution’’ of the bridge and, as correction terms—of higher order in the
perturbative parameter—the local bending effects on the girder.

According to this solution it is possible to achieve a synthetic understanding of the statical
behaviour of the bridge and to express, by simple formulas, the more interesting required
quantities.

The obtained results are checked with some numerical solutions obtained via finite element
methods that confirm the soundness of the proposed model.

NOTATION

a stay’s nondimensional deformability
A (Ap) stay (anchor stay) cross-sectional area
alap) stay (anchor stay)-girder angle
B(Bo) stay’s (anchor stay’s) stress ratio
C, girder torsional stiffness
3 midspan deflection
A stay’s spacing
A€l fictitious deformation increment
Ao stress increment
elasticity (Young’s) modulus
Dishinger’s fictitious elasticity modulus
strain; also, girder nondimensional stiffness
dead load
specific weight
tower height
girder inertia
tower stiffness
lateral span length
cable horizontal projection’s length
central span length
flexural displacement wavelength
torsional action of the stays (torsional load) on the girder
bending moment in the girder
twisting moment in the girder
nondimensional torsional load
distributed axial force along the stay’s curtain
N axial force in the girder
No(N,) axial force in the (anchor) stay
p live load
P nondimensional live load
qo(q.) horizontal (vertical) component of the load g
R,(R,) pile (side support) vertical reaction
p nondimensional cable curtain stiffness
So horizontal component of the anchor cable’s axial force
o stress
o, allowable stress
a,(o,) stress produced in the stays by dead (live) load
a9 stress produced in the anchor stay by dead load

NS L AN T2 o m Ty

~

ms(m,

=t Xg

<

SAS 21:8-A

831



832 M. Como et al.

o1, o7 initial and final stress values in a stay
ry, r2 geometrical aspect ratios of the bridge
3§ girder torsional angle
7 girder nondimensional torsional stiffness
Bo(d,) truss-like (flexural) part of &
u, v, w displacement parameters of the bridge
U, V, W nondimensional displacement parameters
Us, Vo, Wy
(Uy, Vy. Wy) truss-like (flexural) part of U, V, W
x, y, z coordinates
{ nondimensional abscissa
¢ stay distribution function
x{xo) nondimensional tower (anchor cable) stiffness
WR(W,.) right (left) pylon torsional rotation
Vo(¥,) truss-like (torsional) part of ¥

1. INTRODUCTION

In the second half of this century the cable-stayed bridge has found a successful renewal.
Particularly, in the last decade, the fan-shaped truss-like scheme obtained a special
interest as a valid alternative solution for long spans, compared with the suspension
bridge[1-6].

The physical behaviour of the fan-shaped scheme (Fig. 1) is very similar to that of
a large truss structure where the main state of stress is given by axial forces in the
stays and in the girder, while girder bending is of secondary importance.

This scheme most conveniently applies when spans are more than 300 m long. In
such instances, the spacing between stays is usually small compared to the bridge’s
main span and we may therefore reasonably suppose a continuous stay distribution
along the deck, for the purpose of an analytical investigation{7].

In this article the static behaviour of long-span cable-stayed bridges is studied by
means of a continuous model.

The fundamental assumptions of the analysis are:

(i) diffused stay arrangement along the deck;

(ii) truss-like statical scheme.

By the first condition, the analytical problem is decribed by a convenient set of
integro-differential equations. An approximate solution of these equations can be given
which analytically reflects the second assumption, namely that of the state of axial
forces prevailing over the flexural one.

Within this framework, it is possible to develop a simple analysis of the long-span
cable-stayed bridge, which, though approximated, collects main qualitative and quan-
titative aspects and translates them into simple results, Finally, it is shown that the
continuous model results agree satisfactorily with some numerical computations cor-
responding to the usual discrete model of the bridge. ’

2. STATICAL BEHAVIOUR: PRELIMINARY ASSUMPTIONS

The statical scheme we shall examine (Fig. 1) is characterized by the following
parameters:

= tower height;

central span length;

lateral span length;

stays spacing;

stay-girder angle;

= stay cross-sectional area;

Ao = anchor stay cross-sectional area;
= girder inertia;

K = tower stiffness.
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It is known[4] that, in order for the anchor cable to be stable, the ratio L/l should
not be any smaller than ~2.8, while the ratio H/L is usually set at 0.2, which is the
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Fig. 1. Structural scheme of the bridge.

optimum value referred to the cable’s weight. In the numerical examples, values of L/
[ = 3 and H/L = 0.2 were therefore used. The constraints are shown in Fig. 1: the
girder is supposed to be not horizontally constrained with respect to statical forces,
while damping devices take care of dynamic actions (braking, etc.).

The statical analysis of the bridge has to be performed in different ways according
to where live p or dead g loads are considered.

Stresses produced by dead loads are strictly dependent on the erection procedure
of the bridge. Decks are usually cantilever erected; in this case tensions may be so
controlled in stays that the deck’s final configuration is straight and free from bending
moments. Stresses produced by dead loads g are evaluated from the statically deter-
minate scheme where hinges are placed at the nodesl4, 5, 6].

Let N be the auial force in the girder, N, the force in a generical stay and n = N,/
A the axial force distributed along the continuous curtain of stays. From the condition
of equilibrium of the girder we immediately get

Q) = g1 + H”? (D

2
NO =85 [(i) - @2] @

where { is the adimensional abscissa along the girder (Fig. 1):

= 3
g H 3
The axial force Ny in the anchor stay is
_ 8l INTT(EY
No=3 [‘ () } [(21) 1} @

and the reactions R, of the side supports and R, of the piles are:

2
SO

gL T
R, =3 [2[+1]. (6)

i

As far as the effects of live loads p are concerned, the prevailing behaviour is still
truss like. In the girder, in fact, as shown in the next sections, there are also bending
stresses that, for long spans, have only local character and are weakly dependent on
the span length.

While the axial stresses can be evaluated according to the truss scheme, bending
stresses in the girder depend on the relative stay-girder stiffness. To evaluate defor-
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mations or stresses in the girder, it is very important to evaluate first the elastic response
of the single stay, already in tension for dead loads, to a generic deformation increment
Ae). The Dischinger modulus, as it is well known, can characterize this tangent re-
sponse of the single stay[1].

The stay axial force increment can, in fact, be evaluated as

AN, = EJA€]A, (7)

where E;, the Dischinger fictitious elasticity modulus, is a function of the primitive
dead load tension in the stay:

_E
Ey’ly
1207

E; = (8)

with F the Young modulus, vy the specific weight and /[, the horizontal projection of the
stay length (Fig. 3).

The tangent Dischinger modulus (8) gives a sufficient approximation if the initial
stress o, is not too low and the stress increment Ao is small.

It is, on the other hand, possible to obtain a more accurate evaluation of the stay
response by using the secant Dischinger modulus:

E
|+ EVi5\ /(1 + B ®)
1203 282
where B represents the ratio between the final value of the stay tension o, and the

initial one o,. The secant modulus approximation requires an estimate of the final stress
gs.

EF =

3. CONTINUOUS-MODEL EQUATIONS

Deformations and stresses produced by live loads can be evaluated by analyzing the
linearized response of the bridge starting from the dead loads equilibrium configuration.
The reactivity of previously existing axial forces in stays to further deformations are
defined through Dischinger’s fictitious elasticity modulus.

Vertical loads, symmetrically placed with respect to the bridge’s longitudinal sym-
metry plane, will be considered first.

Next, torsional effects produced by load eccentricities will be studied.

3.1 In-plane analysis
The girder and pylon’s extensional deformability can usually be neglected.
The bridge’s additional deformation, when no torsion occurs, is then determined by
the following displacement parameters (Fig. 2):
(i) the girder’s vertical displacements v(z);
(ii) the girder’s horizontal displacement w;
(iii) the pylon tops’ horizontal displacement u.

Fig. 2. Bridge deformation and displacement parameters.
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As already said, the bridge’s structure is symmetrical, the pylons are not joined with
the girder which has no statical horizontal constraints. Consequently, the horizontal
equilibrium of the bridge’s left and right sides requires shear forces to be the same at
the pylon tops sections.

Therefore, however vertical loads are placed on the deck, displacements of the pylon
tops will always be opposite. This is why one parameter has been employed for the
pylon displacements.

The effect of live loads may be analyzed only after examining the behaviour of a
single stay when the previously defined u, v, w bridge displacements occur. Let us
refer to a generic stay anchored to the left tower (Fig. 3). The A€} deformation incre-
ment produced by u, v, w displacements is

Al

A€l = l = (@wsina + (w — u)cosoL)ll

(10)

u .
sSin o« COS Q.

= Lsinta + Z
H H
The stay axial force increment AN, is then evaluated by eqns (7) and (10). The
horizontal A N? and vertical A NY components of A N are the contributions of the stay’s
axial deformation to the new actions produced on the girder:

+
ANy = — %E:‘AS sin® @ + ——2 E*A, sin® « cos a (11)
-+
AN? = = 2 E*A, sin® o cos o — ——Y EiA, sin a cos® o (11"

H

where the — or + sign applies to the left or right pylon, respectively. Furthermore,
relations (11) represent the action of stays on the girder with signs in agreement with
the axes of Fig. 1.

The sections A and A, are found from the design values o, and o9 of the stays
tension due to dead loads of the continuous stays curtain and of the anchor cable,
respectively. We have:

A
A, = 22 (12)
o, sin a

_ gl AN B NZAS
[ GG -]

According to the assumption of uniform stay distribution, we finally get the following
vertical and horizontal forces per unit length on the girder:

E;A
= sils i3 + s 2
g HA [—vsin® a + (4 = w) sin” a cos aj (14)
E:A, = : 5
go = HA [fusinacosa — (zu + w)sin a cos® al. (15)
Ny wl * 2N

Fig. 3. Strain and stress in the deformed stay.
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Equations (14) and (15) characterize the interaction between the stays and girder,
thus enabling us to write the bridge’s equilibrium equations in terms of the three dis-
placement parameters u, v, w.

In fact, we get

Flexural girder equilibrium
The girder equilibrium equation, neglecting the effect of the axial stress produced
by dead load, is
Elv"Y =gq, +p (16)
where p(z) is the live load.
The other two equations should express the equilibrium conditions corresponding
to the relative displacement u between pylons, and to the girder’s horizontal translation

w. The following equations are found to be equivalent to the former (Fig. 4):

Left pylon equilibrium
L(~ go) dz — Ku — So = 0 (17)

Right pylon equilibrium

!
e

[R(— Goydz + Ku — Sg = (18)

In eqgns (17) and (18) go is given by (15) and the integration is extended to the stays
curtain belonging to the bridge’s left or right side, respectively; K is the pylon tops’
flexural stiffness and S, is the horizontal component of the anchor cable’s axial force:

=3

So= —(wFu) > sin ap cos? ag (19)

where the — or + sign applies to the left- or right-hand anchor stay, respectively.
Inserting (14) and (15) into (16), (17) and (18) we get

Girder equilibrium

ETA, . ETA, -
El'Y + HAl sin® a v = le ( F w)ysin®acosa = p (20)

Left pylon equilibrium

EZA, .,
Aw — A-u + fL HA sinfccosavdz =0 (21)

M AN

+——4—4»¢- 4-«—0——»

Fig. 4. Horizontal forces on the pylon tops.
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Right pylon equilibrium

Aw + A «-ijAS‘Z dz = 0 2
W U x Fa SMacosavdz = (22)
where
ESAs . s EcAo . )
A = L HA sin e cos” a dz + I sin ap COS* ag (23)
A, = Ay + K. (24)

Equations (20), (21), and (22) should be conveniently made dimensionless. Therefore,
let

v u w
= — - = W= —, 25
14 I U I I, (25)
and from here onwards
d( )
t [ 25r
() dz (25%)
will denote derivatives with respect to the dimensionless abscissa {.
Equation (20) becomes
El ., EiA, ., EiA, -
Egv +Tsm aV-—A—(U+W)sm ®cosa = p. (26)
It should also be noted that
E;A, 1 g ,
EA 1 + al’a,sina D
where the Dischinger effect is accounted for by the parameter
2
N _ YEH*
a=al) = 1263 (1) (28)

which defines the stays’ deformability.
If, as usually happens, tension o, produced in the stays by the dead load is unchanged
stay by stay, parameter @ becomes constant.
We will assume from now onwards that stays’ design is such that ¢, is constant.
Equation (26) may thus be written as

1 ogy , sinfa  sinacosa o pog ,
e’ TTrag’ 1rag VT T 269
or
- _
TV A eV - LU T W) = PQ) 29

4
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where
e o, 4lo,\ "

o () o

sin® o 1 3 3
[ 1al (e +D %W 31

sin o cos o { B 1
1+al> (0 +a®»1+ 3 Lo (32)
P =20 (33)

The two equations which give the equilibrium of the pylon top may similarly be
written dimensionless so that the following set of equations is found:

Girder equilibrium

4
%—V‘V + oV — Lo(UT W) =P (34)
Left pylon equilibrium
oW = (0 + WU + [ teVdr =0 (34)
Right pylon equilibrium
oW + (0 + XU - [ eV dz = 0 (34
where
cos® a
p—fLWI +aczd2;+xo (35)
E§Ao o, .
Xo = ‘}5 9 g}-f} sin ap cos? ap (36)
_ Ko,
X = Ee ' (37

The exact solution of eqns (34) is usually quite difficult to find. An approximate

solution may be found, however, observing that:

(i) the bridge’s statical behaviour is always characterized by a ‘“‘truss-like’” effect,
which usually prevails over the girder’s bending. We may actually suppose axial
forces in the bridge to be well defined on the truss-structure scheme (namely
girder inertia I = (), while the flexural effects are, on the contrary, of a local
nature.

(i) Parameter e found in eqn (30) is of main importance to the solution of eqns (34)

and may be written as
41/H* 1"
©T [g/ogH] ’ (30
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that is, as the ratio between girder stiffness I/H* and stay stiffness g/o H. Actually,
since the ratio H/L is usually constant, parameter I/H* is also proportional to I/L* and
can thus be taken as a measure of girder stiffness. Parameter g/oH is instead essentially
proportional to the cross-sectional area of stays, and the ratio (30’) may therefore be
regarded as a measure of the stiffness between deck and stays.

It may immediately be seen that the value of € in long-span bridges is small, usually
about 0.1 + 0.3.

Both observation (i) and (ii) are therefore strictly related: that is, the assumption of
a truss-like behaviour in cable-stayed bridges is connected to the value of €: the smaller
the values of €, the more truss-like the bridge’s behaviour.

These observations will be used and fully proven by the approximate solution of the
set of eqns (34) we shall give below.

3.2 The truss solution and the secondary girder bending
Given the load distribution P(0), let w({) (V, U, W) be the general solution of the
equilibrium equations:

u(@ = wo(d) + wm() (38)

where u; is the general solution of the homogeneous equation, and u, is a particular
one.

Approximate solution uy and u, can be found supposing parameter € in (34) to be
conveniently small.

Since e relates the girder flexural stiffness to the stay’s extensional one, evidently
the condition € — 0 characterizes the structure’s dominant truss behaviour. We should
also notice that e diminishes as the bridge’s span grows so that the suggested scheme
applies mainly to long spans.

Evaluation of g

A particular solution of eqns (34-34") is found noticing that displacements V,, Uy,
and W, in eqn (34) must be of the same magnitude as P. We may therefore neglect the
quantity €*/4VV; i.e. we find uo on the truss-like scheme.

The set of equations in Vy, Uy and W, finally reduces to

@Q)Vo — (Up  Wolle(l) = P(D)
oWo — (p + x)Uo + f;_ toVo d{ = 0 (39)

oWo + (p + x)Uo — fR LeVodl = 0

which may be explicitly solved to give Vg, Us and W, directly as a function of P(0).
After a little manipulation we get

1
W0=§;<-;[—L§Pd§+fR§Pd§]
1
Uo= 5= X)[Jr Lgpdg + fR gpdg} (40)
Vo = (onwo)g+§%.

We notice that, since the load P({) may be an arbitrary function, the solution uq({)
may show some discontinuities which make it not compatible. In sucl a case the general
solution u{{) of the homogeneous problem will provide the compa.ibility of the com-
plete solution.
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Evaluation of displacements u,

An approximate solution of the homogeneous system is found by choosing expres-
sions of V() similar to the solution of the scheme of a beam on elastic soil. More
specifically, solutions of the type

Vi(Q) = "% sin (L) (41)

will be studied where f({) is an appropriate function.
Extensively speaking, we shall examine the four damped sinusoidal functions defined

as
Vi() = el=1=00 (42)
which, if f({) = A, are the four independent solutions of the problem of the Winkler

beam.
We show now that if f({) is taken so that

— l ¢ 1/4
@ = < [ o, 43)
and setting
Uu =Ww, =0, (44)

we get approximate solutions (which apply as € — 0) of the homogeneous problem
described by the set of equations:

4

TV eV - (Ui Wie = 0 (4s")
oW1 = (o + XU + | toVidt =0 (45")
oW1+ (o + U1 — [ Levidr = 0. (45")

In order to show that the solution given by (42) and (44) is correct, we evaluate the
quantity €*/4V}Y and get

4 &
VIV = eI [ g (=1 =

+ 3(=1 = D" + 4(=1 = DF"f + (21 = DHFY]
and, making use of (43):

4
% VIV = e(=1 =070 — (1) + O(e)]. (46)

Let us now evaluate the integral [ {¢V, d{:

14
fL LoV di = fL(GC‘P3/4) <‘PT e(rl+i)_1'(€)> dg

(e(:lti)/")l
— 3/4 47
[ et e d (7
el | xif|L2H va et 1=i)f
— 3/4 _ E | — =
= T ef,‘(é“’ ey 96 = e
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We see from (47) that the integrals in both (45") and (45") are of the same magnitude
as e. We thus deduce that U; and W, are also of the same magnitude as € and may,
therefore, be neglected compared to girder flexural displacements V() given by (42).

If we now examine the girder’s equilibrium equation (45') and recall (46) and (47)
we get

—ge=1ENT 4 pet=1=0f 4 () = 0.

We thus conclude that this equation is also satisfied at least of terms of order e.
In conclusion, the general solution of the homogeneous problem can be expressed
as

U1=W1=0

Vi(Q) = c1e 7P sin f(0) + cre P cos F(L) + ¢3¢ sin £() + cae’® cos f().  (48)

The approximate solution given by (40) and (48) reflects the truss-like behaviour of
the bridge scheme we are examining; in fact the displacements given by eqn (40) cor-
respond to e = 0, i.e. to the scheme with hinged connections of the stays to the girder,
and therefore up may be understood as a truss behaviour solution. To the term V,, the
quantity V, should be added. V; strictly depends on the parameter € and represents
the additional displacements required to re-establish the flexural compatibility uncom-
plied with by the truss solution. Overall displacements are therefore the sum of the
truss solution u, involving the whole structure, and of the flexural share V,, which
characterizes only a local effect, since it is given by damped sinusoidal functions where
damping is quicker, the smaller the value of €.

The truss-like behaviour of this scheme of cable-stayed bridge has thus been ana-
lytically confirmed, behaviour being more evident, the smaller the value of €, as for
instance occurs as the bridge’s span grows.

The wave length A of the sinusoidal waves V() will be approximately evaluated so
that the general solution’s damped nature may be better defined.

This length varies along the deck and, at the abscissa {y, is found to be such that

1 o+ 1/4
—f@ o4 dr = 2. (49)

€
Supposing a small A({,), we may write

1
EGPM (Lo)\ =27

and hence

M) = (50)

2% ¢
ﬂPJ‘( Lo) ’
Recalling that

1
(1 + at»1 + %)

e(l) =

the maximum wave length is found at the bridge’s midspan, and setting a = 0.05, L/
2H = 2.5 o(L2H) = 0.1, it is found to be

L
— | =11
A <2H) €
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L
A (E;I) =22

while when { = 0 we get ¢(0) = 1, A(0) = 6.3¢ and, with € = 0.2, A(0) = 1.26.
Now we give an approximate form of the function

or, being ¢ = 0.2

_,l ¢ 1/4
Q) = ef@gv dz.

Approximating ¢({) with

¢(0) = (1 = by)* (5D
where
1 1
R T °Y

l

obtained by interpolating ¢({) at
= 0.05 - 0.3, we get

0 and { = 2, and which applies for values of a

m j—

4
fO = lf ¢V dl = [(C - o) — é(C2 - é%)]- (53)
€ Jlo 2

3.2 Torsion

In this section we examine torsional effects due to load eccentricities. Since stays
respond differently to positive or negative stress increments, torsion and vertical bend-
ing of the girder are coupled in a nonlinear analysis. However, if the tangent Dischinger
response of the stays is assumed, flexural and torsional effects may be examined sep-
arately. We also assume that the girder is symmetric with respect to a vertical longi-
tudinal plane, and we consider the two possibilities of Fig. 5, that is H-shaped and A-
shaped towers. Within these assumptions the bridge’s torsional deformation is defined
by the torsional rotation 6(z) of the girder and by the rotations ¥, and {i» of the tower
tops sections (Fig. 6).

For A-shaped towers it can be used ¢, = ¥ g = 0.

The torsional equilibrium equation of the girder can be written in the form

CH" = - (my + m) (54)

where C, is the torsional girder stiffness, m, the distributed torsional couple due to the
external load, and m; the torsional action on the girder produced by the stay’s curtains.

A

Fig. 5. (a) H-shaped tower, (b) A-shaped tower.
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As in the previous section, it is possible to express the stay’s action as a function of
the bridge deformation parameters 6(z), U, . With reference to the left half of the
bridge we therefore get the following equilibrium equations, written in dimensionless
form:

Girder equilibrium

" Le(d) _
P~ (0 + L [, oo dz = - u (55)

Left tower equilibrium

1
b= [, oo at (56)
where
, _ 4O 2 _ _Cwog _ Ho,
O =3 T empm MO = gEmO (57)

and the other quantities are as previously defined by eqns (31), (32), (35)-(37).

The case of A-shaped towers can be obtained from eqn (55), by assuming that the
anchor cable is infinitely stiff so that the rotation U, of the tower becomes zero. In
this case, therefore, we put xo = = in eqns (55) and (56).

An approximate solution of eqn (55) can now be found with the same procedure
used in Section 3.2. For long-span bridges, in fact, the parameter 7 is usually small.
Then a particular solution 6o, (U.)o of eqns (55), (56) is evaluated on the truss-like
scheme; with 7 = 0, we get from eqns (55), (56)

_ e !
Ou(D) = ot + — 1 | mor (58)
N Y d s
Wedo = ——— [, 800D dL. (59)

As in Section 3.2 it is possible to prove that, neglecting quantities of order 7 in eqn
(55), the complete expression of the girder rotation is

0(0) = C1ef® + Cre™F® + 89(0) (60)
and
b = (oo (61)
where
O == [ o dr )

4. APPLICATIONS

The approximate solutions given in the previous sections can be quite easily applied
to give simple expressions of the effects produced by live loads. As an illustration, the
bridge’s midspan cross section will be analyzed and its maximum deflection and positive
bending moment evaluated. Furthermore, the effect of a uniform eccentric load is
considered.
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4.1. Evaluation of maximum midspan deflection
Maximum midspan deflection occurs when the whole main span is under a live load.
The load condition is uniform throughout the main span.
Taking the symmetry of the load condition into account, Wy, Ugand V, are expressed
as follows:

W()=0

P LI2H 1/L\N> P
U f = (=
¢ Xo + x Jo0 tdg 2 <2H> Xo t+ X (63

1/ L\ 1 R R
P[—i<-2~—ﬁ> XO+Xg+(1+a§)(l+g)].

In order to find the complete solution at the bridge’s middle part, the solution of the
homogeneous problem, in the middle part, is taken in the form

Il

Vo(L)

Vi(Q) = cie 7 sin (O + c2e ' cos f(L) (64)

where
] L7240 )
flg) = Ef“ o' de. (653)

This solution represents the flexural waves decreasing from the midspan towards
the towers.
Finally deflection V() is found as

1 /L) s
V(C)—P[E(‘z};> XO+XC+(]+((C)([+€)}

€ LA\ 1 L I
+ P | (= L2 4+ a)—= + da [—
20" [2 (w) o+ x @ gyt da (ZH)J

[e™® sin f(L) — e 9 cos f(1)]. (66)

If, for instance, { = L/2H, the maximum midspan deflection is found to be

(o) =[G e (e )0 )
2H) 7 [2\2H) xo + x  \ 2H 2H.
e [1/7LN\ 1 L LY
—P— == Fay— + 2a{—1) |. (67
ng”“[zt(zy) i x U Tay “(w) ] €7

We notice now that, when a uniform load is applied to the main span, stresses in
the mid-bridge stays are practically proportional to the applied load and therefore:

p=Ter= 810 (68)
Ty g

Furthermore, the axial force produced by dead load in the anchor stays is

2 12 2
R (I S
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a live load p over the whole main span gives

_pl TP LT
(Np)o—2[1+<H)] 571 (70)

and thus for the anchor stays

5)
3)
O(g+p) P

= =1+=-—
Bo o, ¢ [L\? iy

21

For the load conditions being examined, tensions in the stays and the anchor cable
may thus be quite accurately evaluated when dead loads g and live loads p are present.
In order for mid-span displacement to be evaluated from (67), it is convenient to evaluate
the stays’ elastic response by means of the secant modulus defined by (9) where B is

given (68) and (71).
The quantity xo + x may be expressed as

(71)

/ 1 1 o
Xo + X = Bo/P s + ) <%_ 1) + Ko (72)
1+ar%&)1_+&2 r2 gE1+B
B1+8B g

where o, is the allowable stress in the stays and

_ YEH*1+B _ 1+8

T ed 287 Yo (73)
r =L/2H
¥y = I/H.

Concluding, the maximum midspan deflection 3, referred to span L, is given by

1 |1 1
o 1 1 = r + (1 +ad) + r})
gE]+£2r| 2 %o+ X

3
L

o

1
— el + g (_ 7 + (1 + @ + 2arH + 1} ”“} , (14
4 xo t+ X
where xo + x is given by (72).
The parameters involved are, therefore,

of which the first three may be regarded as fixed and the fourth, of little influence, is
averaged as 50.

Actually, it is enough to study the influence of a and p/g, when making a qualitative
investigation of the bridge’s mid-span deformability.

The dependence of the ratio 8/L on the a and e parameters is plotted in Fig. 7 where
the usual value p/g = 1 has been assumed.

The first thing to notice is that 8/L depends almost linearly on a.
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Ug< O Ug<O

G L

Fig. 6. Torsional deformation parameters.

Similarly, 8/L linearly depends on € and it is still quite proportional to p/g for usual
values of such a parameter. These results allow us to make the following comments.

Firstly, midspan deflections linearly grow with the product a - L, and therefore with
L3, assuming that, given L/2H and o, a is proportional to L>.

The influence of € on deflections is not relevant and decreases as the span grows.
The girder’s moment of inertia thus cannot be taken as a meaningful parameter, which
may help in restricting the bridge’s deformability as the span grows.

In Fig. 7 a comparison is also made among the results given by formula (74) and
by some numerical computations using a finite element analysis of eqns (34). The com-
parison shows good agreement, especially for e less than 0.2.

4.2. Evaluation of maximum midspan positive bending moment
The maximum bending moment is evaluated by means of the corresponding influence
line. Using the solution (41) we get

3
VO - = Se () - f ol Y - e s sl 09

L/2H=25
LjH=5/3
03/E=7200/21x10

6

s b Kjg =50

e analytical

® numerical

i PR i i i i J L i e X i X L poay
-

0 0,1 0,2 0,3 a

Fig. 7. Maximum midspan deflection as function of « = y*EH*/120%.
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The magnitude of the first term of (75) is € and may therefore be neglected
compared to the second. Maximum bending moment is then evaluated taking the fol-
lowing expression of the influence line:

VO = - %‘Pi, [e=F® sin (D) — e~7® cos f(D)]. (76)

The function f({) changes sign when { is such that

sin f(¢) = cos f({) =V2/2 )

and thus
@ =7 (78)
Taking expression (53) of f({) we get
- 11 L\? n 1"
C—Z—B[<1—b'2—ﬁ> +2bz€:| . 79
The dimensionless maximum moment is, therefore:
LI2H
M = 2P [ V) AL (80)

and since between [ and L/2H the influence line is practically linear, the integration
of (80) is approximated as follows:

1 L L -
Mmax = 2P§V <Ei> (Eﬁ - C)) (81)

considering that f(L/2H) = 0, we have

€ L -
Mmax = Pm <§1 - C) (82)

and in a dimensional form

€ L -
Mmax = sz 4‘P1/4 <5_1; - C) (83)

The values of M../pH? are plotted in Fig. 8 as functions of the a and € parameters.
Also in this case the comparison with the numerical results is satisfying for e < 0.2.

4.3, Torsional effect

The previously found results will now be applied to evaluate the effect of a uniform
torsional load:

(L) = po. (84)

This loading condition is interesting because in such a case the maximum rotation
at midspan ({ = L/2H), and the maximum torque of the girder at { = 0 occur.
The symmetry of the structural scheme gives

Y = = dr =\ (85)

SAS 21:8-B
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L/2H=25
L= 5/a
1‘ M/ph? OpfE=7200/2,1x 105
K{g= 50
0,08 [
2,06

- analytical
® numerical

Q.04 P_

o £=0,1
M rY L
Y Jored 1 i L L 1 § I N 5 i 1 .y
[} 0,1 0.2 0,3 a

Fig. 8. Maximum midspan bending moment as function of ¢ = v*EH*/1203.

From eqns (58), (539) we get

po 1w L\
R s S e P
N © 2x0 + x (?,H) ¢ (86)
| Bo ' L 2
T %t x (m) | @7

If the boundary conditions are

(LY
9 (zy) =0 (88)
8(0) = 0 (89)

we get from eqn (60} the following expression of the complete solution 8({):

_ 11y (__1;_>~~_L___[<l)
L = o {@(g) *3 X + xo \2H e (LIRH) | \o/rrwn

2
1 (L) :’ ,e~.f(u - ,.lme»f(g%*l.)}- {90)

{
2x + xo \2H @(0)

Therefore the maximum rotation at midspan is

,3(..1;)3 {_,.,L__Q ! (L)’*__Lw
2H) T MV T 2 X + xo \2H ¢ Z(LIZH)

1A P L\
R + = e 91
{<‘P)L/2H 2x + Xo (ZH) } '
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tjn=s
LIH = 53

Oy |E = 7200 [ 29x30°
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Vol onfo = 24
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2
d
LA SEN SRR Suus RS NI S SN S T S -
0 0.05 0,10 0,15 0,20 0,25 0,30

Fig. 9. Maximurm midspan torsional rotation as function of & = y’EH*/12a3.

Mt[th
tn =5
L1 = 5[3
5
b, Oofe = 7200 2,1x10
0 34 g
Klg = S0
oH/a=86
1 e HJs = 24

0 24

. . . hd
o ° °
a
——T t p— Y Y T T T T P
o 0.05 210 0,15 0,20 0,28 0,30

Fig. 10. Maximum twisting moment at sections { = 0 as function of ¢ = y*EH¥/ 120}
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and the twisting moment at the Section { = 0:
, C, Y 7 S
MAO) = = po |z ——— (=) + -
r( ) H Mo [2 X -+ X() <2H) T:’

M,(0) N ( L\
= =T+ T | — .
m,H 2 X + Xo 2H)

3 <j:_ M, (0)
Y\oH )" m.H

Quantities

are shown in Figs. 9 and 10 for typical values of the parameters:

Fi, F T K a, T P
19 72y "5 s T s hy -
E g g

Figures 9 and 10 also show the results of the numerical analysis.

5. CONCLUSIONS

The static behaviour of long-span cable-stayed bridges has been analyzed by means
of a continuous model. Simple expressions have been derived of the main effects pro-
duced by live loads. The obtained results collect the main qualitative aspects of the
bridge behaviour.

The comparison with numerical solutions shows that the proposed continuous model
usually gives conservative results as, for instance, in the case of maximum midspan
deflection and bending moment evaluation.
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